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ABSTRACT

Field emission data are often represented on a Fowler–Nordheim plot but a new empirical equation has been recently proposed to better
analyze experiments. Such an equation is based on approximations of the Murphy and Good model and predicts that a constant parameter
κ, depending only on the work function of the emitter, can be extracted from the data. We compared this empirical equation with simula-
tions of the Murphy and Good model in order to determine the range of validity of the approximations and the robustness of the relation-
ship between κ and the work function. We found that κ is constant only over a limited range of electric fields and so depends significantly
on the field enhancement factor. This result calls into question the usefulness of the new empirical equation.

Published under an exclusive license by the AVS. https://doi.org/10.1116/6.0001677

I. INTRODUCTION

The Fowler–Nordheim (FN)1,2 plot is a graphical representa-
tion of IV data widely used even beyond the vacuum electron
source domain, for example, in molecular electronics,3 supercon-
ducting devices,4 and semiconducting diodes,5 to cite a few. In
principle, and often in practice, the plot is linear from which two
experimental coefficients (the slope and intercept) can be extracted.
The fact that the FN plot gives “close to” a straight line is probably
why it is so generally used, but other representations of the data
also give “close to” a straight line. We used a vague term as “close
to” in quotation marks because a widespread problem among
many experimental reports is that a linear fit is forced on IV data
showing significant deviations from a straight line. A departure
from the linear behavior is a clear indication that additional physi-
cal mechanisms come into play, for example, a fuller development
of the theory or even a voltage drop coming from a series resist-
ance. Theoretically, the FN plot should be strictly linear only in the
case of a triangular tunneling barrier. However, the presence of an
exponential in the expression of the current makes it very difficult
to observe the curvature induced by a more physically correct
barrier including an image charge. Another important issue is that
the FN model needs three independent physical quantities but the
fit gives only two parameters. So, the usefulness of the FN model is
questionable, if meaningful effective physical quantity are sought.

Recently, a new analytical form of the field emission current
and a method to test it have been proposed.6 The method has
begun to attract some interest from the field emission
community.7–9 However, the reliability of the information that can
be deduced from this model has not been really studied very thor-
oughly, in particular, the value of the exponent κ. “All models are
wrong, but some are useful” is a famous quote often attributed to
the British statistician George E. P. Box. The main goal of this
article is to test if this new analytical formula is useful in field emis-
sion. In particular, we present some numerical calculations based
on the more general Murphy and Good model10 in order to deter-
mine the validity of the approximations and the uncertainty it
induces in the determination of the work function. In Sec. II, the
different models and numerical methods that will be used are pre-
sented. In Sec. III, we show that different models predict different
exponent κ for a given work function and we propose a new rela-
tionship between κ and the work function. However, it will be
demonstrated that such a relationship is useful in a limited range of
electric field because κ is not constant on the full range of electric
field for field emission. Finally, some general comments are made
in Sec. IV to explain why a method based only on the derivative of
the current leads to some difficulties in estimating physical parame-
ters in field emission. A new method based on the measurement of
the current, its first and second derivative is then proposed.
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II. WHICH MODEL TO CHOOSE?

In most transport measurements, the current I flowing through
a device is measured as a function of the applied voltage V. In the
case where the transport mechanism is dominated by a tunnel
barrier and that the barrier shape changes with the voltage, an expo-
nential like dependence of I as a function of �1/V is often observed.
However, the expression of the current might be far from a pure
exponential. In field emission, several mathematical expressions
of the field emission current can be found, for instance, in
Refs. 2 and 11 or in Table I of Ref. 12. It is then crucial to decide
which theory to compare with experiments. For an experimentalist,
the first answer to this question might be to chose the simplest
theory that fits the data. Unfortunately, this choice of the FN theory
with a triangular barrier does not give meaningful information about
the emitter as it strongly underestimates the value of the current
density. Another strategy is to increase step by step the complexity
level of the theory and discard the one that cannot permit to extract
reliable physical parameters from the experiments.

The choice in the theory raises another question. What is a reli-
able physical parameter? Three physical quantities can be defined:
the work function f, the emission area S, and the field enhancement
factor β relating the applied voltage to the electric field. However,
these physical quantities are most often not uniform over the
emitter, not constant in the measurement time or the applied
voltage, and not independent of each other. As a minimum average
values must be considered. In the highest level of complexity, the
theory needs to take into account the exact geometry of the emitter13

and its atomic structure.14 It is also very demanding on the experi-
mental side because it is often difficult to know if the electron emis-
sion comes from the whole apex surface or only from a
nanoprotusion with a much lower radius of curvature.

A. Murphy and Good theory

Murphy and Good10 proposed a model based on several rea-
sonable hypotheses, where f, S and β are constants. The current
can be expressed as an integral on easily numerically calculable
functions and is given by Eq. (19) in Ref. 10,

I ¼ S
2π2

mekBT

�h3

ðWl

0
D(W, F) ln 1þ exp

μ�W
kBT

� �� �
dW

�

þ
ð1
Wl

ln 1þ exp
μ�W
kBT

� �� �
dW

�
, (1)

where m is the electron mass, e is the electron charge, kB the
Boltzmann constant, T the temperature, �h is the Planck constant,
W is the electron energy incident on the barrier, F is the electric
field, μ is the Fermi energy,

Wl ¼ fþ μ� 1ffiffiffi
2

p e3F
4πε0

, (2)

where ε0 is the vacuum permittivity, and the transmission is

D(W, F) ¼ 1
1þ exp(Q(W, F))

, (3)

where

Q(W, F) ¼ b
(fþ μ�W)3=2

F
v(y), (4)

where v(y) is the barrier shape correction factor that depends on
the applied electric field through the variable y and can be
expressed as a combination of elliptic integrals.

The model takes into account the effects of the temperature
and the image charge potential. It provides an expression of the
current after a Taylor expansion [see Eq. (56) in Ref. 10 or
Eq. (1.54) in Ref. 11] that can be further simplified in order to give
a more compact expression by discarding the temperature depen-
dence and an almost constant pre-exponential term usually
expressed as t(y),

I ¼ aS
(βV)2

f
exp �bv(y)

f3=2

βV

 !
, (5)

where a and b are terms that depend only on universal physical
constants. This simplified model has two main drawbacks: the
formula is still rather complicated and the expression of v(y) is
even more complicated. Fortunately (or unfortunately), in the case
of a triangular barrier v(y) ¼ 1 and then the equation predicts that
plotting the current in Fowler–Nordheim coordinates (i.e., repre-
senting the logarithm of I=V2 as a function of 1=V ) gives a straight
line. It is unfortunate because plotting some data described by
Eq. (5) in Fowler–Nordheim coordinates gives a plot that looks like
a straight line too. It is then very tempting to forget about the v(y)
term whereas neglecting v(y) in the exponential leads to an overes-
timation of S by several orders of magnitude.

B. Profusion of analytical expressions

New analytical formulas have been proposed in the past few
years in order to better describe experimental data for a potential
barrier with an image charge,6 for small radius emitters,15 for tem-
perature dependent emission,16 for rough surfaces,8 or for specific
materials such as nanotubes17 or graphene.18 These formulas can
essentially be distinguished by the coefficient of the power law they
predict.

Here, we will be essentially interested by the analytical approx-
imation of v(y) used in Ref. 6 as it gives a more accurate simplifica-
tion of Eq. (5) than the triangular barrier approximation. It was
obtained for the case of a tunneling barrier with a classical image
charge correction and can be expressed as [Eq. (7) in Ref. 6]

I ¼ aκS
(βV)κ

f
exp �b

f3=2

βV

 !
, (6)

where κ and aκ are independent of V and β but vary with the
work function,

aκ ¼ a
f
exp b

f3=2

Ff

 !
Fη=6
f , (7)
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Ff ¼ 4πε0f
2

e3
, (8)

η ¼ bf3=2

Ff
, (9)

κ ¼ 2� η=6: (10)

Now, a plot of the logarithm of I=Vκ as a function of 1=V
(where κ � 1:2 for a tungsten field emitter) is really a straight line
and should give a better fit of the experimental data. Unfortunately,
as in general, κ is unknown, such an exact plot cannot be directly
obtained. It was then proposed either to plot the logarithm of I=Vk

as a function of 1=V with different k values to check which one
gives the best fit to the data (the k value corresponding to the best
fit should then be equal to κ) or to obtain the voltage derivative of
the current because the new analytical approximation gives the fol-
lowing expression:

V2

I
dI
dV

¼ b
f3=2

β
þ κV : (11)

So, a plot of this ratio as a function of V should be linear with
a slope giving directly the value of κ. Field emission is a strongly
nonlinear phenomenon and so the impact of the various approxi-
mations in the Murphy and Good model on the robustness of this
linear equation needs to be tested.

C. Numerical methods of calculations

Two appealing aspects of Eq. (6) are that it offers a new way
of analyzing field emission data and it gives a simple method to
extract the work function independently of the value of β.
However, as the proposed analytical formulas in Ref. 6 are based
on some approximations, it is first necessary to estimate the level of
uncertainties it induces. In Ref. 19, it was shown that the analytical
approximation of v(y) has a relative error better than 0:33%. Such
an error is very good, however as v(y) is in an exponential, the
error in the current is much higher. In Ref. 6, it was proven that a
linear relationship such as in Eq. (11) was also valid for a model
with the analytical Murphy and Good formula. It was also noted a
8:3% discrepancy on the value of κ giving 1.1 instead of 1.2 for a
work function of 4.5 eV. Such a discrepancy was further studied for
various models9 but its impact on the accuracy of the extraction of
physical parameters was not quantified. For instance, from an
experimentalist point of view, it is not clear how accurate should be
the measure of κ to have a good estimate of the work function and
what is the uncertainty on f due to the 8:3% discrepancy in κ.

We performed numerical simulations using NumPy and
SciPy Python packages where elliptic functions required for the cal-
culation of v(y) are implemented. The data and programs used in
this article can be found in the Zenodo data repository.20 As an
illustrative example, the calculation were done for a single field
emitter with an emission area of 604 nm2, β ¼ 0:0015 nm�1, and
the voltage was varied between 1300 and 1600 V with 10 V incre-
ments. These voltages correspond to a range of low fields in order

to allow some comparisons with some preliminary experimental
data at low current presented at the IVNC2021 conference.21 These
data will be further analyzed in an upcoming article. At the end of
the article, the value of the voltage will be extended to cover the
whole range of typical electric fields. Several values of the work
function will be tested. Three levels of complexity in the models
were selected.

In the first level in decreasing order of complexity, the full
Murphy and Good formula as given by Eq. (1) was used. Beside
the WKB approximation, it is based on exact calculations. The inte-
gration were performed numerically by the rectangle rule with an
energy excursion range of 3 eV around the Fermi energy and a step
of integration of 10 meV (an energy excursion range of 4 eV and a
10 μeV step were also tested with no significant change in the
results). The calculations were performed for 0 and 300 K. The
derivative of the current was calculated analytically without approx-
imation and then directly numerically integrated from the obtained
formula in order to avoid the uncertainty encountered in Ref. 9 by
their local gradient method,

@I
@V

¼ S
2π2

mekBT

�h3

ðWl

0
ln 1þ exp

μ�W
kBT

� �� �
@D(W, F)

@V
dW

� �
(12)

with

@D(W, F)
@V

¼ D(W, F)2exp(Q(W, F))
@Q(W, F)

@V
(13)

and

@Q(W, F)
@V

¼ β
@Q(W, F)

@F
¼ βb

(fþ μ� E==)
3=2

F
s(y), (14)

where

s(y) ¼ v(y)� y
2
@v(y)
@y

: (15)

The only equation that cannot be found in Ref. 10 is the
expression of @v(y)=@y,

@v(y)
@y

¼ � 3
2

yffiffiffiffiffiffiffiffiffiffiffi
1þ y

p K
ffiffiffiffiffiffiffiffiffiffiffi
1� y

pffiffiffiffiffiffiffiffiffiffiffi
1þ y

p
� �

(16)

for y , 1 and

@v(y)
@y

¼ � 3
2

ffiffiffi
y

pffiffiffi
2

p K
ffiffiffiffiffiffiffiffiffiffiffi
y � 1

p ffiffiffiffiffi
2y

p
� �

(17)

for y . 1, where K is the complete elliptic integral of the first kind
expressed as a function of its elliptic modulus.

In the intermediate level of complexity, Eq. (5) was used. In
the third level of complexity, we calculated Eq. (6). Comparing the
second and third levels of complexity allows us to identify the
impact of the approximation of v(y) alone. Comparing the first and
third levels of complexity allows us to determine the difference
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between the full model including temperature effects and its simpli-
fied version. We will not consider the case where β, S, or f depend
on V as in Ref. 9 because without these complications, the theoreti-
cal situation requires already some clarifications and also because
experimentally, there is still some hope that for certain experi-
ments, a constant value of β, S, and f is possible, for example, by
measuring the central current of a sufficiently large facet through a
probe hole for a metallic emitter.

III. RELATIONSHIP BETWEEN f AND κ

A. Value of κ at 4.6 eV

In this part, a work function of 4.6 eV is chosen in order to
allow a comparison with the calculations in Ref. 9. As we will see,
their results seem slightly inaccurate. They used a software more
adapted for experiment control than for data analysis or numerical
simulations, so the algorithm of optimization might be less precise.
We will first test the consistency of our calculations and analysis
with the simplest model because there exists an analytical expres-
sion for κ that can be compared with the value extracted from the
fits. The analytical relationship between the work function and κ is
given in the simplest model by combining Eqs. (8)–(10),

κ ¼ 2� e3b

6� 4πε0
ffiffiffiffi
f

p : (18)

Mathematically, κ can vary between 0 and 2 and physically a
value between 0.8 and 1.5 largely covers the range of reasonable
work function values. According to this analytical formula, we have
κ ¼ 1:235 638 331 970 713 4 for f ¼ 4:6 eV. Such a level of accu-
racy is not necessary in practice and will be reduced later but is just
presented here for comparison with the fitting method.

As explained in the paragraph in Sec. II B, a first method to
extract κ is by multiple fitting. To avoid any confusion, we will use
the notation κm when κ is extracted by this method. We calculated
the current using Eq. (6) (with a work function of 4.6 eV and the
parameter values given in Sec. II C) and performed linear fits of
the logarithm of I=Vk as a function of 1=V for different values of
k. The minimum value of the least squares linear fits is obtained
for κm ¼ 1:235 638 3. So contrary to Ref. 9, we see that this method
can determine κ with an accuracy higher than six significant digits.

Another method is by fitting the ratio in Eq. (11). We will use the
notation κr when κ is extracted by this fit. We obtained
κr ¼ 1:235 638 331 970 699+ 1� 10�14. The local gradient method
in Ref. 9 gave 1.28. The local gradient method is very demanding in
terms of voltage step size, whereas with our method, an excellent
accuracy can be obtained although our voltage steps are large (i.e.,
10 V). So numerically, at this stage, there is no reason to prefer
the multifit method compared to the method based on the ratio
in Eq. (11).

The current calculated with the intermediate level of complex-
ity gave a value of κm ¼ κr ¼ 1:19 for both methods. This value is
equivalent to a work function of 4.1 eV according to Eq. (18). The
uncertainty in the fit of the ratio is higher as κr now is known
with an imprecision of +1:7� 10�4, meaning that the curve has
a slight nonlinearity. Third, when the current is calculated with
the more complex model at 300 K, the multifit method gives
κm ¼ 1:338 and the ratio method gives κr ¼ 1:335+ 0:003.
This value is equivalent to a work function of 6.1 eV according to
Eq. (18). The results are summarized in Table I. It seems clear
that using Eq. (18) is not reliable to extract the work function of
the emitter and it was probably not intended for that purpose.
However, what is remarkable is that the linearity in voltage in Eq. (11)
is sufficiently valid even with the more complex model as shown in
Fig. 1 and the values calculated by the different models are within 1%.
It can also be seen that the value of the constant term in Eq. (11) or
for the other models is much bigger than the expected variations in
this voltage range. Extracting a reliable value of the slope might be dif-
ficult experimentally in the presence of noise.

B. Value of κ in the low field range

If the Murphy and Good model is correct but the simple ana-
lytical equation does not allow to extract a reliable value of the
work function, it is then necessary to give a new relationship
between f and κ. The simulations with the full Murphy and Good
model but for a work function of 4.62 eV gives a fitted ratio with
κr ¼ 1:339+ 0:003. So, theoretically, the uncertainty in the fit cor-
responds to an uncertainty in the work function below 20meV. It
can be concluded that an experimental measurement of κ with an
accuracy of two significant digits after the decimal point is enough to
determine the work function with an accuracy better than 0.1 eV.

TABLE I. This table gathers the different values of the exponent κ in the prefactor of the current and the apparent work functions obtained for the three different models and
three different extraction methods for a fixed work function of 4.6 eV.

Model κm
a κr

b Work function (eV)c

Full model 300 Kd 1.338 1.335 ± 0.003 6.1
Intermediate modele 1.19 1.1902 ± 1.7 × 10−4 4.1
Simple modelf 1.235 638 3 1.235 638 331 970 699 ± 1 × 10−14 4.6

aObtained by the multifit method for different values of k.
bObtained by extracting the slope from a fit with Eq. (11).
cObtained from Eq. (18) and the value of κr of the corresponding model.
dThe current was calculated with Eq. (1).
eThe current was calculated with Eq. (5).
fThe current was calculated with Eq. (6).
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This corresponds to an uncertainty of about 2% in the determina-
tion of the work function which we consider as good enough for
practical applications.

The new relationship between f and κ can be obtained by
varying the work function of the emitter. Nevertheless, it is neces-
sary to be careful about the voltage range where the calculations are
done. For a tungsten emitter, it is sometimes considered that the
typical range of electric field is between 3 and 7 V/nm (see, for
instance, p. 98 in Ref. 22). The low part of this range depends on
the practical minimal current that can be detected in an experi-
ment. The high part is determined by the maximum current, and
an emitter can sustain before heating effects take place. It is
strongly related to the transparency of the barrier and so to the
value of the work function. A low work function emitter needs less
electric field to have its tunneling barrier fully transparent.
The range of electric field can then be renormalized by the effect of
the work function.23 In this part, we kept the range of the ratio
between the electric field and Ff between 0.133 and 0.165. These
values are rather low but as explained above it is due to the fact
that our experiments in Ref. 21 were performed at low current
(i.e., below the pA range). However, if such an experiment was to
be truly performed, it would be the minimum and maximum cur-
rents that would be kept constant and not the renormalized field.24

So, we performed also the same calculations with fixed minimum
and maximum currents.

For the case, f is varied between 3.5 and 6.5 eV with the same
range of reduced field. We observed that the different models have
very different predictions (Fig. 2). For a given value of κ, the simple
model underestimates the work function by roughly 0.5 eV compared
to the intermediate model and by 1.75 eV compared to the full
model at 0 K. However, these two models have a similar behavior
and can both be fitted by an expression similar to Eq. (18),

κ ¼ Aþ Bffiffiffiffi
f

p , (19)

where for the full model at 0 K, A � 1:85 [instead of 2 for Eq. (18)]
and B � �1:67 [instead of �1.64 for Eq. (18)]. Although the coeffi-
cients of the more complex models are relatively close to the coeffi-
cients of the simple model, the impact on the predicted work
function is significant (see Table II).

The full model at room temperature has a drastically different
behavior. κr decreases as a function of the work function between
3.5 and 5.5 eV instead of increasing for the other models (Fig. 2)
and it is roughly constant in the higher range of work function. It
is then much harder at room temperature to distinguish high
values of the work function. The range of possible value of κ is
very narrow and most probably it will be around 1.3 whatever the
sample. So, the experiments should preferentially be performed at
low temperature if the emitter has a middle to high work function
in this range of field. For low work function materials, measure-
ments at 300 K seem to have a better capability to separate different
work functions. In any case, Eq. (18) should not be used to deter-
mine the work function.

For the case where f is varied between 3.5 and 6.5 eV with
the same range of current, the results are rather similar and we just
present in Table II the coefficients of the fits.

FIG. 2. Variation of the value of κr as a function of the work function. The
circles correspond to the simplified model from Ref. 6, the squares correspond
to the analytical formula in Murphy and Good [Eq. (5)], the diamonds corre-
spond to the full Murphy and Good model at 0 K, and the triangles correspond
to the full Murphy and Good model at 300 K.

TABLE II. Coefficients of the fit of κr with Eq. (19) for the three different models
and with fixed normalized field (A, B) or fixed current range (AI, BI).

Model A B AI BI

Full model 0 Ka 1.85 −1.67 1.89 −1.76
Intermediate modelb 2 −1.74 1.97 −1.67
Simple modelc 2 −1.64 2 −1.64

aThe current was calculated with Eq. (1).
bThe current was calculated with Eq. (5).
cThe current was calculated with Eq. (6).

FIG. 1. Variation of the expression of the left hand side of Eq. (11) as a function
of the applied DC voltage. The circles correspond to the simplified model from
Ref. 6, the squares correspond to the analytical formula in Murphy and Good
[Eq. (5)], the diamonds correspond to the full Murphy and Good model at 0 K
and the triangles correspond to the full Murphy and Good model at 300 K.
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C. Value of κ in the full range of field

The results in the preceding paragraph showed that approxi-
mations of the Murphy and Good theory have a significant impact
on the value of κ when the work function is varied. It is then
important to check the influence of the electric field on κ. After, all
the simple model predicts that κ should be constant but this might
not be true for the full Murphy and Good theory. In fact, a slight
nonlinearity was already suspected in Ref. 9.

The calculations were performed for f ¼ 4:6 eV and a voltage
between 1300 and 4330 V corresponding to a range of reduced
field between 0.13 and 0.43 (i.e., 1.95–6.45 V/nm) that covers
roughly the whole experimentally accessible range of fields. As
expected theoretically, the simple model shows in Fig. 3 a linear
behavior of the ratio in Eq. (11) on the full range of voltage. The
intermediate model is almost linear. The value of the slope κr goes
from 1.19 at low field to 1.23 for high field. Nevertheless, even such
a small change has important consequences on the predicted value
of the work function. As in the low field range, a value of 1.23 cor-
responds to a value of 5.1 eV instead of 4.6 eV. A nonlinear devia-
tion is visible for the full model at 0 K and is particularly important
at 300 K. The extracted value of κr in the high field range may
differ by more than 10% which has a strong impact on the deduced
value of the work function.

At 0 K, for the full Murphy and Good model, the value of κr

goes from 1.07 at low field to 0.92 for high field. Such a value
would correspond to a work function below 3.5 eV at low field.
At 300 K, for the full Murphy and Good model, the value of κr

goes from 1.33 at low field to 0.94 for high field. Such a low value
is simply impossible at low field. As the full Murphy and Good
model is supposed to be more accurate than the simple model, it
can be deduced from this calculations that κ cannot be considered
as constant in the typical range of electric fields in experiments.

This means that if this type of measurements are performed, a
knowledge of β is necessary to extract the value of f. This seems to
limit the interest of this method that was precisely proposed in
order to separate the extraction of f and β from experimental data.

IV. IS IT POSSIBLE TO SEPARATE f AND β?

A. General remarks

In the introduction, we stated that “the FN model needs 3
independent physical quantities, but the fit gives only 2 parame-
ters.” Actually, it can be shown25 that getting a good estimate of
the area is possible even if f and β are unknown. So, in some
sense, field emission is more a problem with two physical quanti-
ties (f and β) and a single parameter (the slope in the FN plot).
One of the anonymous reviewers suggested to add a nonmandatory
general comment to our article that highlights this problem. So, we
reproduce in this section his interesting point of view.

There is a more general underlying reason why it is practically
impossible for any methods (not only the Murphy–Good-plot one)
to disentangle the work function from β. In Fig. 4, the current
density–local field curves are calculated for various values of the
work function W, following the “full Murphy–Good method,” i.e.,
by numerically evaluating Eq. (1). Figure 5 shows the same J curves
plotted after rescaling the field and current density with an appro-
priate β and S, chosen for each f to fit to the curve with
f ¼ 4:5 eV. It is obvious that the curves completely collapse to
each other, yielding an RMS deviation of less than 0.5% between
the curves. In Fig. 6, the slope of these curves are plotted, again
showing a deviation of less than 0.2% in the slopes.

This means that for an experimentalist to distinguish between
these curves, i.e., disentangle the work function from β, the follow-
ing conditions should be fulfilled.

(1) The measured I–V curves or their derivatives should have a
precision of the order 0.5%.

(2) The approximations of the Murphy–Good theory should yield
an overall error of less than 0.5%.

FIG. 3. Variation of the value of κr as a function of the applied DC voltage for
a large range. The circles correspond to the simplified model from Ref. 6, the
squares correspond to the analytical formula in Murphy and Good [Eq. (5)], the
diamonds correspond to the full Murphy and Good model at 0 K, and the trian-
gles correspond to the full Murphy and Good model at 300 K. The solid line is a
linear fit of the full Murphy and Good model at 0 K at low voltage. The dashed
line is a linear fit of the full Murphy and Good model at 300 K at low voltage.

FIG. 4. Field emission current density calculated from Eq. (1) at 300 K for four
different work functions.

ARTICLE avs.scitation.org/journal/jvb

J. Vac. Sci. Technol. B 40(2) Mar/Apr 2022; doi: 10.1116/6.0001677 40, 024001-6

Published under an exclusive license by the AVS

https://avs.scitation.org/journal/jvb


(3) Approximating a constant effective emission area (constant
ratio between total current and maximum current density)
should be accurate within 0.5%.

It is quite evident that the above requirements are practically
implausible, at least with the state-of-heart experimental methods.
There might be theoretically a possibility to distinguish such curves
by looking into their second derivative (if that can be measured
directly and precisely), however the reviewer still opines that the
aforementioned issues (2) and (3) [especially (3)] are extremely
hard to overcome.

B. Putting an end to the tyranny of the straight line

The remark of the reviewer in Sec. IV A illustrates clearly the
fact that very different field emitters can have very similar I–V

curves. However, in this final section, we would like to point out
that changing the way of measuring field emission may have a posi-
tive impact. Until now, all the theoretical analysis were based on
the idea of fitting a straight line and extracting a slope and an inter-
cept. However, from an experimental point of view, this approach
might not be so convenient because of the presence of noise or
drift in the current. So, we propose here a new approach requiring
a single value of the applied voltage at the expense of the concomi-
tant measurement of the current, its first and second voltage deriv-
atives.21 If such an experiment can be performed, it can be
calculated from Eq. (6) that κ can be obtained by

κ ¼ 2IV dI
dV þ IV2 d2I

dV2 � (V dI
dV )

2

I2
: (20)

From such a measurement, if the simple model is correct, it is
then possible to deduce the three other physical parameters (f, S,
and β) by using Eq. (18) for f then Eq. (11) for β and Eq. (6) for
S. The measurement can be performed by recording at the same
time the DC current and AC current at the driving frequency of
the lock-in (which gives the first derivative of the current) as well
as at twice the driving frequency (which is proportional to the
second derivative of the current). In practice, this measurement is
probably very challenging because it requires to subtract two very
close numbers. Furthermore, although Eq. (20) is correct analyti-
cally, it is probably incorrect for real emitters.

V. CONCLUSION

We performed numerical calculations of the field emission
current for several approximations of the Murphy and Good
theory. We showed that the simple analytical formulas proposed in
Ref. 6 give significantly different results compared to the Murphy
and Good analytical equation from which it was directly derived or
compared to the full Murphy and Good theory at 0 and 300 K. The
predicted values of the work function by the simple model are not
accurate enough for practical use and at this stage it is not clear if it
could be improved. The main issue is that the central parameter κ
of the theory is not a simple parameter of the work function only.
It depends also on the applied voltage and, thus, on β. The method
proposed in Ref. 6 was a clever way to avoid the bending of the
simple FN plot of the current calculated by the Murphy and Good
model. Unfortunately, the Murphy and Good theory predicts also
that the plot proposed in Ref. 6 is slightly bent and this bending
cannot be neglected. It remains that if the Murphy and Good
theory does not describe properly field emission, then κ might still
be an interesting empirical parameter.
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FIG. 6. Slopes of the curves in Fig. 5. β ¼ 0:6782 for f ¼ 3:5 eV. β ¼ 0:8339
for f ¼ 4 eV. β ¼ 1 for f ¼ 4:5 eV. β ¼ 1:176 for f ¼ 5 eV.

FIG. 5. Field emission current as a function of the inverse of the voltage calcu-
lated from Eq. (1) at 300 K for four different work functions with S and β chosen
to fit the curve at 4.5 eV.
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